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In this paper, we fitst give necessary and sufficient optimality conditions for a (local)
best approximation for the general nonlinear Tchebycheff approximation problem (1). The
conditions are stated in terms of the Lagrange function. Next, we characterize (local)
strong uniqueness for the best approximation problem (1). The characterization is also
stated in terms of the Lagrange function with the aid of the directional derivative of $S(x)$
defied in (1). The characterization is a local version of Fischer [4]. Finally, we characterize
a best approximation and a strongly unique best approximation for the best approximation




$Mini_{1}nize_{x\in R^{N}}S(x):=Sup\{|b(t)-F(x, t)|;t\in T\}$ (1)
$b(t)$ $T\subset R^{p}$ $F(x, t)$ $R^{N}\cross T$
$n$ $p\in P_{n}$
$F(x, t)$ $:=x_{0}+x_{1}t+\cdots+x_{n}t^{n}$ , $x$ $:=(x_{0}, \ldots, x_{n})\in R^{n+1}$
$T$ $\{1, 2, \ldots, n\}$ $\{\frac{1}{2}, \frac{1}{3}, \frac{1}{4}, \ldots, 0\}$ $\{t\in R^{p};||t||\leq 1\}$
Tchebycheff Tchebycheff
1 $[a, b]$ $b(t)$ $n$ $p\in P_{n}$
$r(t)$ $:=b(t)-p(t)$ $n+1$
$n+2$ $a\leq t_{1}<\ldots<t_{n+2}\leq b$





see e.g. N\"urnberger [11]
see e.g. Cheney [2]
zero property






subject to $b(t)-F(x, t)\leq r\forall t\in T$ (2)
$F(x, t)-b(t)\leq r\forall t\in T$ .
$(x, r)\in R^{n+1}$ Tchebycheff (2) $F$ : $R^{n}arrow C(T)$ ,
$e\in C(T)$
$e(t)\equiv 1$ , $F(x)(t):=F(x, t)$ ,
$C_{+}(T)$ $:=\{u\in C(T);u(t)\geq 0\forall t\in T\}$
Minimize $r$
subject to $re-b+F(x)\in C_{+}(T)$ , (3)
$re+b-F(x)\in C_{+}(T)$
- see e.g. Ben-Tal and Zowe
[1]
Minimize $f(x)$ subject to $g(x)\in K$ . (4)
$X,$ $V$ Banach $K$ $V$ $f$ : $Xarrow R,$ $g$ : $Xarrow V$ $C^{1}$
$x^{*}$ $x^{*}$
1 $g(x)\in K$ $x^{*}$
$\exists y\in Xs.t$ . $g(x^{*})+g’(x^{*})y\in intK$ .
Tchebycheff (3)
11
2 (1 ) $\exists v^{*}\in K^{o}$ such that
$f’(x^{*})+g’(x^{*})^{*}v^{*}=0$ ,
$<v^{*},$ $g(x^{*})>=0$ ,
$K^{o}$ polar cone $\{v^{*};<v^{*}, v>\leq 0\forall v\in K\}$
2 (3) $F$ : $R^{n}arrow C(T)$
$F_{x}(x, t)$ $R^{n}\cross T$
$(F’(x)y)(t)=F_{x}(x,t)y$
$x^{*}$ $R^{N}$ $r(t)$ $\sigma(t)$
$r(t)$ $:=b(t)-F(x^{*}, t)$ ,
$\sigma(t):=$ sign$r(t)$ .
Positive and negative extreme points $T_{+}(x^{*}),$ $T_{-}(x^{*})$
$T_{+}(x^{*})$ $;=$ $\{t\in T;r(t)=||r||\}$ , (5)
$T_{-}(x^{*})$ $:=$ $\{t\in T;r(t)=-||r||\}$ . (6)
$T(x^{*})$
2 (3) Kolmogorov criteria (see. e.g. Dem’yanov and Malzemov [3])
local version
3 $F(x^{*}, t)$ $t_{1},$ $\ldots,$ $t_{m}\in T(x^{*})(3\leq m\leq N+1)$
$\lambda_{1},$
$\ldots$ , $\lambda_{m}\geq 0$
$\sum_{=1}^{m}\lambda_{i}\sigma(t_{i})F_{x}(x^{*}, t_{i})=0\in R^{N}$ . (7)
$F(x, t)$ $x$ (








$S(x)\geq S(x^{*})+K||x-x^{*}||$ $\forall x$ (9)
Newman and Shapiro [10] (9) $F(x^{*}, t)$
(9) $x$
(9) $x^{*}$
$S’(x;y)$ $:= \lim_{\thetaarrow+0}\frac{S(x+\theta y)-S(x)}{\theta}$
4 3
$(a)F(x^{*}, t)$
$(b)S’(x^{*}; y)>0\forall y\neq 0$
$(c)\exists K>0$ such that $S’(x^{*};y)\geq K$ Il $y$ II $\forall y$
4 see e.g. Girsanov [5]
$S’(x^{*}; y)= \max\{-\sigma(t)F_{x}(x^{*}, t)y;t\in T(x^{*})\}$
Malozemov and $Pevnyi[9]$




$\sum_{\dot{\iota}=1}^{m}\lambda_{i}\sigma(t_{i})F_{x}(x^{*}, t_{i})=0\in R^{N}$ . (10)






6 $F(x^{*}, t)$ $3\leq k+l\leq n+2$ $k(\geq 1)$
positive extreme points $t_{1}$ , . . . $t_{k}$ $l(\geq 1)$ negative extreme points $t_{k+1}$ , . . . $t_{k+l}$
$rico\{t_{1}, \ldots , t_{k}\}\cap rico\{t_{k+1}, \ldots, t_{k+l}\}\neq\phi$ . (13)
$rico\{t_{1},$ . . . $t_{k}\}$ } $f$ the relative interior of the convex hull of
$\{t_{1}, \ldots, t_{k}\}$
$rico \{t_{1}, \ldots, t_{k}\}=\{\sum_{1=1}^{k}\lambda_{i}t_{i};\sum_{1=1}^{k}\lambda;=1,$ $\lambda_{i}>0\forall i\}$ (14)
, Rockafellar [12]
7 $F(x^{*}, t)$ $3\leq k+l\leq n+2$




$rico\{t_{1}, \ldots, t_{k}\}\cap rico\{t_{k+1}, \ldots,t_{k+l}\}\neq\phi$ . (15)
$aff\{t_{1}, \ldots, t_{k+l}\}=R^{n}$ . (16)
$aff\{t_{1}, \ldots, t_{k+l}\}$ the affine hull of $\{t_{1}, \ldots, t_{k+l}\}$ o
$n=2$ 6,7












9 $n=2$ $F(x^{*}, t)=x_{0}^{*}+x_{1}^{*}\tau_{1}+x_{2}^{*}\tau_{2}$
2
$(a)$ affinely independent 4 extreme points
$\sigma(t_{1})=\sigma(t_{2})=\sigma(t_{3})=-\sigma(t_{4})$ ,
$t_{4}\in\{\lambda_{1}t_{1}+\lambda_{2}t_{2}+\lambda_{3}t_{3}; \lambda_{1}+\lambda_{2}+\lambda_{3}=1, \lambda_{i}>0\forall i\}$
$(b)$ affinely independent 4 extreme points
$\sigma(t_{1})=\sigma(t_{2})=-\sigma(t_{3})=-\sigma(t_{4})$ ,
$\{\lambda t_{1}+(1-\lambda)t_{2}; 0<\lambda<1\}\cap\{\mu t_{3}+(1-\mu)t_{4}; 0<\mu<1\}\neq\phi$
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